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Abstract
The symmetry properties of the bosonic string effective action under Poisson-Lie
duality transformations are investigated. A convenient and simple formulation of
these duality transformations is found, that allows the reduction of the string ef-
fective action in a Kaluza-Klein framework. It is shown that the action is invariant
provided that the two Lie algebras, forming the Drinfeld double, have traceless struc-
ture constants. Finally, a functional relation is found between the Weyl anomaly
coefficients of the original and dual non-linear sigma models.
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1 Introduction
Duality transformations have played an important role in modern string theories. Target
space duality (T-duality), in particular, connects seemingly different backgrounds in which
the strings can propagate [1]. String backgrounds and their dual fields can be considered
as different descriptions of the same physical system. In other words, they represent the
same point in moduli space of a given string theory. It is therefore crucial to analyse the
different forms of T-duality in order to better understand the moduli space features of
string theory.
The T-duality transformations (unlike S-duality) are formulated at the level of the
two-dimensional non-linear sigma model. There are, however, no general methods for
constructing these transformations. One of the leading organizing principle in the first
studies of T-duality is undoubtedly the notion of symmetries. If the background fields of
the sigma model possess Abelian isometries then it has been shown [2] that obtaining of the
dual theory is straightforward: One gauges these symmetries and imposes zero curvature
constraints on the gauge fields by means of Lagrange multipliers. The elimination of the
gauge fields through their equations of motion, after a convenient gauge fixing, leads to
the dual sigma model. The Lagrange multipliers are promoted to propagating fields in
this dual theory. An important feature of the Abelian case is the possibility to reverse
this procedure and obtain back the original model from the dual one. This is due to the
fact that Abelian T-duality preserves the symmetries of the original sigma model. For
sigma models with background fields possessing non-Abelian isometries an exact analogue
of the above method has been shown to apply as well [3]. However, the symmetries of
the original theory are not preserved and non-Abelian T-duality is not reversible [4]. The
formulation of these two kind of T-dualities in terms of canonical transformations [5, 6]
is a check on the classical equivalence of a sigma model and its dual.
A major step in the search for criteria to find duality transformations connecting non-
linear sigma models was made by Klimcik and Severa [7]. It deals with sigma models
based on two Lie groups and the corresponding duality transformations are known as
Poisson-Lie T-duality. Their method relies no longer on the presence of symmetries in
the backgrounds of the sigma model. It uses, instead, a very specific feature of duality:
Namely, the interchange between the equations of motion of the original theory and the
Bianchi identities of the dual model. They discovered that two non-linear sigma models,
built on two Lie groups, are dual to each other when the two corresponding Lie algebras
form a Drinfeld double. A further step towards the understanding of the quantum aspects
of Poisson-Lie duality has been taken in [8]. There a path integral formulation of this
duality is presented and more importantly the transformation of the dilaton field is found.
It is worth noticing that Abelian and non-Abelian dualities are particular cases of Poisson-
Lie T-duality. The reversibility of Poisson-Lie duality transformations is explicit in this
construction and resolves, therefore, the problem encountered in the case of non-Abelian
duality.
It is not sufficient, however, to formulate duality transformations between non-linear
sigma models at the classical level. A treatment of these dualities at the quantum level
must be carried out. This is the only way to find out whether the two string theories cor-
responding to these two sigma models are equivalent. If the quantum aspects of Abelian
duality are by now well understood, the situation regarding non-Abelian duality has re-
mained, until recently [9], unclear. Its study has revealed some intriguing issues: It was
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noticed in [10] that the beta functions of two particular sigma models related by non-
Abelian duality are not the same and the two models are, thus, quantum mecanically
inequivalent. A global investigation of the origin of this problem has been carried out
in [11]. There, it has been shown that the original model and its dual are inequivalent,
whenever the structure constants of the Lie algebra, generated by the Killing vectors, have
non-vanishing traces. Subsequently, it has been explicitly shown [12], using supersymme-
try as a computational tool, that, if the original sigma model is conformally invariant,
then its dual has vanishing Weyl anomaly coefficients too. More recently, the functional
relation (first investigated in [13] for Abelian duality) between the Weyl anomaly coeffi-
cients of the original model and its dual, under both Abelian and non-Abelian dualities,
has been formally proven [14]. This is found by using, at the level of the sigma model,
a formal path integral procedure to implement Abelian and non-Abelian dualities. The
desire to give an independant derivation of this functional relation by a less formal ap-
proach has motivated our previous paper [9]. Our strategy has been inspired firstly, by the
reduction of the string effective action in the presence of isometries [15, 16, 17] and sec-
ondly by interesting investigations regarding T-duality beyond the one loop level [18, 19].
Our central tool in showing the equivalence of the two string effective actions correspond-
ing to the original sigma model and to its dual under non-Abelian duality, has been the
use of Kaluza-Klein decomposition of the different string backgrounds. This allows for
a much simpler formulation of non-Abelian T-duality transformations. We have shown
that a functional relation holds between the Weyl anomaly coefficients of the two models
regardless of the conformal properties of the original theory.
The aim of this paper is to carry out a quantum analysis of Poisson-Lie T-duality.
This duality is a canonical transformation and two sigma models related by Poisson-Lie
duality are, therefore, equivalent at the classical level [20, 21]. In the literature, only
few examples of sigma models related by Poisson-Lie duality have been treated at the
quantum level [22, 23, 24]. However, no studies exist for a general Poisson-Lie dualizable
sigma model. This problem will be tackeled here at the one loop level. We will employ the
techniques developed in [9], in the case of non-Abelian duality, to examine the behaviour
of the string effective action under Poisson-Lie duality. This treatment is valid for both
critical and non-critical bosonic strings. The use of Kaluza-Klein decompositions of the
string backgrounds is essential here.
The outline of this paper is as follows: In section 2 we recall the origin of the Poisson-
Lie T-duality transformations at the level of the non-linear sigma model and introduce our
notations. In order to cast Poisson-Lie duality transformations in a symmetrical form, we
are naturally led to the introduction of “intermediate” background fields. A Kaluza-Klein
reparametrization of the different backgrounds involved in the analysis, enables us to find a
simple form for the Poisson-Lie duality transformations. The use of this decomposition in
the reduction of the low energy effective action of string theory is the subject of section 3.
It is shown that a sufficient condition for the invariance, under Poisson-Lie duality, of the
reduced string effective action, is the vanishing of the traces of the structure constants
of each Lie algebra constituting the Drinfeld double. In section 4 we explain how our
results concerning the invariance of the string effective action invariance, combined with
the calculations made in [9], can be used to extract the expected relations between the
Weyl anomaly coefficients of the original model and those corresponding to its dual. To
illustrate our results, we apply our formalism to two explicit examples in section 5. Finally,
in section 6, we present our conclusions and sketch possible developments of this work.
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Useful identities and the details of the computation are left to an appendix.
2 Poisson-Lie Duality
In this section we recall the main features of the Poisson-Lie T-duality at the level of the
sigma model and introduce new redefinitions to make the duality transformations more
symmetrical. Poisson-Lie duality is based on a Drinfeld double D corresponding to two
Lie algebras G and G˜. The generators of G and G˜ are denoted respectively Ta and T˜ a and
satisfy the commutation relations
[Ta, Tb] = f
c
abTc, [T˜
a, T˜ b] = f˜abc T˜
c,
[Ta, T˜
b] = f˜ bca Tc − f bacT˜ c. (2.1)
The structure constants fabc and f˜
bc
a are subject to the Jacobi identities
f eabf˜
cd
e = f
c
eaf˜
de
b − f deaf˜ ceb − f cebf˜ dea + f debf˜ cea . (2.2)
The Drinfeld double D is equipped with an invariant inner product <,> with the following
properties
< Ta, Tb >=< T˜
a, T˜ b >= 0 , < Ta, T˜
b >= δba , (2.3)
and
< lTAl
−1, TB >=< TA, l
−1TBl > , (2.4)
where TA stands for Ta or T˜
a and l is an element of the Lie group D corresponding to D.
The following definitions are also needed
g−1Tag = a(g)
b
a Tb ,
g−1T˜ ag = b(g)abTb + a
−1(g)
a
b T˜
b ,
Π(g)ab = b(g)caa(g) bc , (2.5)
where g is an element of the Lie group corresponding to the Lie algebra G.
The original sigma model is defined by the action
S =
∫
dσdσ¯
[
Pµν∂x
µ∂¯xν + P (1)aν(g
−1∂g)a∂¯xν + P
(2)
µb∂x
µ(g−1∂¯g)b
+Eab(g
−1∂g)a(g−1∂¯g)b − 1
4
R(2)ϕ
]
, (2.6)
where R(2) is the curvature of the worldsheet. Since the background fields (P, P (1), P (2), E, ϕ)
in this action depend a priori on the group elements g, the model, in general, has no isome-
tries. This lack of symmetry is typical of Poisson-Lie duality. The backgrounds appearing
in this action are given in matrix notation by [8, 25]
P = F˜ − F˜ (2)ΠEQ˜−1F˜ (1), P (1) = EQ˜−1F˜ (1), P (2) = F˜ (2)Q˜−1E,
E = (Q˜−1 +Π)−1, ϕ = ϕ˜0 − ln det Q˜−1 + ln detE . (2.7)
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The matrices (F˜ , F˜ (1), F˜ (2), Q˜) and the scalar field ϕ˜0 are all functions of the variables x
µ
only.
The dual sigma model is given by
S˜ =
∫
dσdσ¯
[
P˜µν∂x
µ∂¯xν + P˜ (1)aν(g˜
−1∂g˜)a∂¯x
ν + P˜ (2) bµ ∂x
µ(g˜−1∂¯g˜)b
+E˜ab(g˜−1∂g˜)a(g˜
−1∂¯g˜)b − 1
4
R(2)ϕ˜
]
, (2.8)
where g˜ is an element of the Lie group corresponding to G˜. The backgrounds of the dual
theory are related to those of the original one by
P˜ = F˜ − F˜ (2)E˜F˜ (1), P˜ (1) = E˜F˜ (1), P˜ (2) = −F˜ (2)E˜,
E˜ = (Q˜+ Π˜)−1, ϕ˜ = ϕ˜0 + ln det E˜ , (2.9)
where Π˜(g˜)ab = b˜(g˜)caa˜(g˜)
c
b is defined as in (2.5) by replacing untilded quantities by
tilded ones and vice versa.
The transformations for the two dilatons ϕ and ϕ˜ have been obtained in [8] by quan-
tum considerations. These calculations were based on a regularization of a functional
determinant in a path integral formulation of Poisson-Lie duality. This is consistent with
previous transformations of the dilaton obtained for Abelian and non-Abelian T-dualities
[26].
Notice, however, that the Poisson-Lie duality transformations (2.7) and (2.9) are not
explicitly symmetric. Namely, one would like to pass from one group of relations to the
other simply by replacing untilded symbols by tilded ones and vice versa. A remedy to
this can be found by introducing the following quantities
Q = Q˜−1 , F (1) = QF˜ (1) , F (2) = −F˜ (2)Q ,
F = F˜ − F˜ (2)QF˜ (1) , ϕ0 = ϕ˜0 + ln detQ . (2.10)
In terms of these new tensors, the backgrounds of the original theory are given by
P = F − F (2)EF (1), P (1) = EF (1), P (2) = −F (2)E,
E = (Q +Π)−1, ϕ = ϕ0 + ln detE . (2.11)
One sees, indeed, that the backgrounds of the dual (2.9) are now obtained from (2.11) by
simply replacing untilded quantities by tilded ones. This becomes a crucial point when
dealing with the string effective actions corresponding to the two sigma models. Notice
that if one takes a dual Abelian group (f˜abc = 0) then one finds
Πab = 0 , Π˜ab = ycf
c
ab , (2.12)
where ya are local coordinates characterizing the group element g. We have in this case
E˜ab = (Eab + ycf
c
ab)
−1 , (2.13)
recovering thus the usual non-Abelian duality. Similarly, choosing the original group to
be Abelian leads then to a symmetric version of non-Abelian duality. It is amusing to
notice that the redefinitions (2.10) have exactly the same form as the Abelian T-duality
transformations relating a sigma model with backgrounds (F, F (1), F (2), Q, ϕ0) to its dual
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with backgrounds (F˜ , F˜ (1), F˜ (2), Q˜, ϕ˜0). Furthermore, the expressions in (2.11) are of the
same form as non-Abelian T-duality transformations except that the Πab term replaces
the ycf˜abc of non-Abelian duality.
Since the expressions of the backgrounds of the original and dual theories are now
explicitly symmetric under the exchange of tilded and untilded quantities, we will deal
only with the original theory in what follows. In order to address the question of the
invariance of the string effective action under Poisson-Lie duality transformations, we
need to rewrite the action (2.6) in the usual standard form
S =
∫
dσdσ¯
[
(GMN +BMN)∂X
M ∂¯XN − 1
4
R(2)ϕ
]
, (2.14)
where XM = (xµ, yi) and yi are local coordinates on the group manifold corresponding
to G. The metric GMN , the antisymmetric tensor BMN and the dilaton ϕ are then easily
identified. The vielbeins are introduced through (g−1∂g)a = eai (y)∂y
i and verify
∂ie
a
j − ∂jeai = −fabcebiecj . (2.15)
In analogy with the non-Abelian duality case [9] we use a Kaluza-Klein decomposition of
the different backgrounds. In this decomposition, the Poisson-Lie duality transformations
take a simpler form. It is convenient for this purpose to introduce the following notations
Eab = Sab + Aab , Q
ab = (S0)
ab + (v0)
ab , (A0)
ab = (v0)
ab +Πab , (2.16)
where Sab and (S0)
ab are symmetric while Aab, (v0)
ab, (A0)
ab and Πab are antisymmetric.
We start by introducing the “intermediate” backgrounds as follows: A symmetric part
given by
(G0)MN ≡
(
F(µν)
1
2
(F (2)
a
µ + F
(1)a
µ)
1
2
(F (2)
a
µ + F
(1)a
µ) Q
(ab)
)
=
(
gµν + (S0)
abtµatνb tµa(S0)
ab
tµa(S0)
ab (S0)
ab
)
, (2.17)
and an antisymmetric part
(B0)MN ≡
(
F[µν]
1
2
(F (2)
a
µ − F (1)aµ)
−1
2
(F (2)
a
µ − F (1)aµ) Q[ab]
)
=
(
bµν − 12(tµauaν − tνauaµ) uaµ
−uaµ (v0)ab
)
. (2.18)
Notice that all the components here are functions of the coordinates xµ only.
The above decomposition allows one to reparametrize the metric GMN as
GMN =
(
gµν + hijV
i
µV
j
ν V
i
µhij
V iµhij hij
)
. (2.19)
while the antisymmetric tensor BMN can be decomposed as
BMN =
(
bµν − 12(V kµBνk − V kν Bµk) Bµi
−Bµi bij
)
, (2.20)
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where
V kµ =
[
tµa(A0)
ab − ubµ
]
(e−1)kb ,
Bµk = −
[
tµa(S0)
abSbc + u
a
µAac
]
eck ,
hij = e
a
i Sabe
b
j ,
bij = e
a
iAabe
b
j ,
Eab = Sab + Aab =
(
(S0)
ab + (A0)
ab
)
−1
. (2.21)
From the last equation in (2.21), important relations are derived
Sab(S0)
bc + Aab(A0)
bc = δca , Sab(A0)
bc + Aab(S0)
bc = 0 . (2.22)
They will be fundamental in the reduction of the effective action in the next section.
Similarly, by decomposing (F˜ , F˜ (1), F˜ (2), Q˜) as in (2.17,2.18), the backgrounds of the
dual theory have the Kaluza-Klein reparametrization
G˜MN =
(
g˜µν + h˜
ijV˜µiV˜νj V˜µih˜
ij
V˜µih˜
ij h˜ij
)
, (2.23)
and
B˜MN =
(
b˜µν − 12(V˜µkB˜kν − V˜νkB˜kµ) B˜iµ
−B˜iµ b˜ij
)
, (2.24)
where
V˜µk =
[
t˜aµ(A˜0)ab − u˜µb
]
(e˜−1)bk ,
B˜kµ = −
[
t˜aµ(S˜0)abS˜
bc + u˜µaA˜
ac
]
e˜kc ,
h˜ij = e˜iaS˜
abe˜jb ,
b˜ij = e˜iaA˜
abe˜jb ,
E˜ab = S˜ab + A˜ab =
(
(S˜0)ab + (A˜0)ab
)
−1
. (2.25)
Notice that the dual relations of (2.22) can be derived from the last equation of (2.25).
In this decomposition, the Poisson-Lie duality transformations take the following sim-
ple form
gµν = g˜µν ,
bµν = b˜µν ,
u′
a
µ = −t˜aµ ,
tµa = −u˜′µa ,
(S0)
ab + (v0)
ab =
(
(S˜0)ab + (v˜0)ab
)
−1
, (2.26)
where we have defined
u′
a
µ = u
a
µ − tµb(v0)ba ,
u˜′µa = u˜µa − t˜bµ(v˜0)ba . (2.27)
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The last equation of the Poisson-Lie duality relations (2.26) implies
(S0)
ab(S˜0)bc + (v0)
ab(v˜0)bc = δ
a
c , (S0)
ab(v˜0)bc + (v0)
ab(S˜0)bc = 0 . (2.28)
Again, these relations will be useful in showing the invariance of the reduced string effec-
tive action under Poisson-Lie duality.
As is well known, the Kaluza-Klein reparametrization has other important advantages.
Firstly, it enables one to calculate the inverse metric straightforwardly and, consequently,
the scalar curvature. In our case, the inverse of GMN is
GMN =
(
gµν −V µi
−V µi hij + V iµV µj
)
(2.29)
where Greek indices are raised and lowered with the metric gµν while latin indices are
raised and lowered with hij whose inverse is h
ij. Secondly, the determinant of the metric
GMN , is simply given by
detGMN = det gµν det hij . (2.30)
These last two properties will be useful in the next sections.
In order to complete our decomposition of the backgrounds, we deal now with the
reparametrization of the dilaton field. Recall that the dilaton in the original theory is given
by ϕ = ϕ0+ln detE and its counterpart in the dual theory is written as ϕ˜ = ϕ˜0+lndet E˜
with ϕ0 and ϕ˜0 related by ϕ0 = ϕ˜0 + ln detQ. Now, using the fundamental relations
(2.22) one can shown that ES0 = S(E
−1)
t
where t denotes the transpose operation. As a
consequence we have
ln detE =
1
2
ln detS − 1
2
ln detS0 (2.31)
It is convenient to use the following decompositions for the dilaton field
ϕ(x, y) = ψ(x, y) + θ(x, y), ϕ0(x) = ψ0(x) + θ0(x) , (2.32)
where θ = 1
2
ln det hij and θ0 =
1
2
ln detS0. The dilaton relation from (2.11) then gives
ψ = ψ0(x)− ln det e(y) . (2.33)
Similarly, the dilaton in the dual theory is decomposed as
ϕ˜(x, y) = ψ˜(x, y) + θ˜(x, y) , ϕ˜0(x) = ψ˜0(x) + θ˜0(x) , (2.34)
where θ˜ = 1
2
ln det h˜ij and θ˜0 =
1
2
ln det S˜0. In the same way, the dilaton expresson in (2.9)
leads to
ψ˜ = ψ˜0(x)− ln det e˜(y) . (2.35)
Furthermore, from the fundamental relations (2.28), one shows that QS˜0 = S0Q˜
t which
in turn yields
ln detQ =
1
2
ln detS0 − 1
2
ln det S˜0 . (2.36)
Consequently, the expression ϕ0 = ϕ˜0 + ln detQ, gives
ψ0 = ψ˜0 . (2.37)
All these relations will be our main tools in the next section.
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3 String Effective Action
In this section, we deal with our main concern in this paper, namely the invariance under
Poisson-Lie T-duality of the effective action of bosonic string theory. It is well known
that the string effective action is connected to the two dimensional non-linear sigma
model through the Weyl anomaly coefficients
β¯GMN = RMN +∇M∂Nϕ−
1
4
HMPQHN
PQ ,
β¯BMN = −
1
2
∇PHMNP + 1
2
HMNP∂
Pϕ ,
β¯ϕ = −1
4
∇2ϕ+ 1
4
∂Pϕ∂
Pϕ− 1
24
HMNPH
MNP − Λ
4
, (3.1)
where Λ is a cosmological constant which vanishes for critical strings. Our analysis applies
also to non-critical strings, i.e. when Λ is different from zero. Hence, we will keep Λ
throughout this paper. The Weyl anomaly coefficients (the beta functions) can be derived
as the equations of motion of the string effective action
Γ[G,B, ϕ] =
∫
ddxdny
√
Ge−ϕL , (3.2)
where L is given by
L = R + 2∇M∂Mϕ+ ∂Mϕ∂Nϕ− 1
12
HMNPH
MNP + Λ . (3.3)
In this expression, R is the scalar curvature of the metric GMN and HMNP , defined by
HMNP = ∂MBNP +∂NBPM+∂PBMN , is the torsion of the antisymmetric field BMN while
ϕ is the dilaton field. We have chosen, at this stage, to make an integration by parts in
the dilatonic part of L. This will spare us later integrations by parts when showing the
invariance of L under Poisson-Lie T-duality transformations. It is understood that a
similar Lagrangian L˜[G˜, B˜, ϕ˜] is defined for the backgrounds of the dual sigma model.
Let us first explain our strategy in reaching our goal: We start by reducing, with
the help of the Kaluza-Klein decompositions of the previous section, the string effective
action Γ[G,B, ϕ] corresponding to the original sigma model. On the other hand, the
reduction of the string effective action Γ˜[G˜, B˜, ϕ˜] corresponding to the dual sigma model
is obtained from that of Γ[G,B, ϕ] by simply replacing untilded quantities by tilded ones
and vice versa. This is due to our symmetric formulation of Poisson-Lie duality. Finally,
the expressions of the reduced actions Γ and Γ˜ are compared using the Poisson-Lie duality
relations (2.26).
The first result concerns the weight factor
√
Ge−ϕ in the action (3.2). The different
dilatonic properties of the previous section and the determinant property (2.30) lead to
√
Ge−ϕ = det e
√
ge−ψ0 . (3.4)
In this expression the dependence on yi is only in det e. Similarly, the weight factor in
the string effective action corresponding to the dual theory, is given by
√
G˜e−ϕ˜ = det e˜
√
ge−ψ0 . (3.5)
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Therefore, the two integration measures in the two theories are equal up to the determi-
nants of the vielbeins det e and det e˜. We will show, in what follows, that L and L˜ are
both independant of the coordinates yi. As a consequence, the two effective actions Γ
and Γ˜ are equal up to the volume elements
∫
dny det e and
∫
dny det e˜.
With the help of the Kaluza-Klein decomposition of the metric and of the antisym-
metric tensor given in the previous section we write explicitly the different contributions
to L. First, the Kaluza-Klein decomposition of the metric GMN yields the Ricci scalar [9]
R(G) = R(g)
+{hikhjl∂i∂jhkl − hijhkl∂i∂jhkl
−1
2
hirhjlhks∂ihjk∂lhrs +
3
4
hilhjrhks∂ihjk∂lhrs
−hijhkrhls∂ihjk∂lhrs − 1
4
hilhjkhrs∂ihjk∂lhrs + h
ijhklhrs∂ihjk∂lhrs}
+gµν{(−hij∇µ∇νhij + 3
4
hikhjl∇µhij∇νhkl − 1
4
hijhkl∇µhij∇νhkl)
+(2∂i∇µV iν + hik∂iV jν∇µhjk + 2hjkV iµ∇ν∂ihjk + hjk∂ihjk∇µV iν
+hjk∂iV
i
µ∇νhjk −
3
2
hjlhkrV iµ∇νhlr∂ihjk +
1
2
hjkhlrV iµ∇νhlr∂ihjk)
+(−2V iµ∂i∂jV jν −
1
2
∂iV
j
µ ∂jV
i
ν − ∂iV iµ∂jV jν −
1
2
hikhjl∂iV
j
µ ∂kV
l
ν
−hilV kµ ∂iV jν ∂khjl − hklV iµ∂iV jν ∂jhkl − hklV jµ ∂iV iν∂jhkl
−hklV iµV jν ∂i∂jhkl +
3
4
hjrhksV iµV
l
ν∂ihjk∂lhrs −
1
4
hjkhrsV iµV
l
ν∂ihjk∂lhrs)}
−1
4
gµρgνλhij(V
i
µν − F iµν)(V jρλ − F jρλ) (3.6)
with the definitions
V iµν = ∂µV
i
ν − ∂νV iµ , F iµν = V kµ ∂kV iν − V kν ∂kV iµ . (3.7)
The terms have been assembled according to the number of factors of gµν and the number
of factors of V iµ. This separation of terms will serve as a guide in our calculation. Since
gµν is invariant under Poisson-Lie T-duality (gµν = g˜µν) then R(g) is obviously invariant
too.
Second, we develop the HMNPH
MNP term. Using the decomposition of GMN in (2.29),
it can be shown that
HMNPH
MNP = (hµνρh
µνρ) + 3(hµνih
µνi) + 3(hµijh
µij) + (hijkh
ijk) (3.8)
where we raise Greek indices with gµν and Latin indices with hij = (e−1)
i
aS
ab(e−1)
j
b with
Sab the inverse of Sab. Here the components of hMNP are defined by
hijk = Hijk
hµij = Hµij − V kµHkij
hµνi = Hµνi − {V kµHkνi − (µ↔ ν)}+ V kµ V lνHkli
hµνρ = Hµνρ − {V kµHkνρ + c.p.}+ {V kµ V lνHklρ + c.p.} − V kµ V lνV mρ Hklm (3.9)
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where c.p. stands for cyclic permutations. Now, putting the decomposition (2.20) of the
antisymmetric tensor BMN into these expressions, one finds
hijk = ∂ibjk + c.p. (3.10)
hµij = (∂µbij) + (−V kµ ∂kbij + {∂jB′µi + (∂jV kµ )bki − (i↔ j)}) (3.11)
hµνi = (B
′
µνi + V
k
µνbki) + ([V
k
µ B
′
iνk − (µ↔ ν)]−
1
2
∂iUµν − F kµνbki) (3.12)
hµνρ = (∂ρbµν) + (−V kρ ∂kbµν) +
1
2
(V kµρB
′
νk +B
′
µρkV
k
ν )
+
1
2
(F kρµB
′
νk + V
k
ρ V
l
µB
′
lνk) + c.p. (3.13)
where we have defined
B′µi = Bµi − V kµ bki
B′µρi = ∂µB
′
ρi − ∂ρB′µi
B′iρj = ∂iB
′
ρj − ∂jB′ρi
Uµν = V
k
µB
′
νk − V kν B′µk . (3.14)
The introduction of these new tensors is motivated by their simple expressions, as given
in the appendix A, in terms of (t, u, S0, v0, ...). In terms of these new tensors, we find
− 1
12
HMNPH
MNP = {1
2
hkmhilhjn∂kbij∂lbmn − 1
4
hklhimhjn∂kbij∂lbmn}
+gµνhimhjn{−1
4
∂µbij∂νbmn + (∂µbij∂mB
′
νn + ∂µbij∂mV
k
ν bkn
+
1
2
∂µbijV
k
ν ∂kbmn) + (−
1
4
V kµ V
l
ν∂kbij∂lbmn − V lµ∂lbij∂mV kν bkn
−V lµ∂lbmn∂iB′νj −
1
2
∂mV
l
µbln[∂iV
k
ν bkj − (i↔ j)]
−∂mV kµ bkn[∂iB′νj − (i↔ j)]−
1
2
∂mB
′
µn[∂iB
′
νj − (i↔ j)])}
−1
4
gµρgνλhij(h
(1)
µνi + h
(2)
µνi)(h
(1)
ρλj + h
(2)
ρλj)
− 1
12
gµαgνβgργhµνρhαβγ (3.15)
where we have defined
h
(1)
µνi = B
′
µνi + V
k
µνbki , h
(2)
µνi = [V
k
µB
′
iνk − (µ↔ ν)]−
1
2
∂iUµν − F kµνbki . (3.16)
Again, the terms of (3.15) have been assembled according to the number of factors of gµν
and “gauge fields” V iµ and B
′
µi.
Finally, we turn our attention to the dilatonic part of L. Using the decompositions
(2.29) and (2.32) , the dilatonic contribution to the original effective action is
2∇M∂Mϕ− ∂Mϕ∂Mϕ = GMN [2∂M∂Nϕ− 2ΓPMN∂Pϕ− ∂Mϕ∂Nϕ]
= (2Gµν∂µ∂νψ −Gµν∂µψ∂νψ
10
+4Gµi∂i∂µψ − 2GMNΓλMN∂λψ
−2Gµi∂µψ∂iψ − 2GµM∂µψ∂Mθ)
+2Gij∂i∂jψ + 2G
MN∂M∂Nθ
−2GMNΓiMN∂iψ − 2GMNΓPMN∂P θ
−Gij∂iψ∂jψ − 2GiM∂iψ∂Mθ
−GMN∂Mθ∂Nθ . (3.17)
The following expressions for the Christoffel symbols are useful
GMNΓλMN(G) = g
µνΓλµν(g) + g
λα[(−1
2
hij∇αhij) + (∂iV iα +
1
2
V kα h
ij∂khij)] (3.18)
GMNΓkMN(G) = (h
ijhkl∂ihjl − 1
2
hikhjl∂ihjl) + g
αβ(∇αV kβ +
1
2
V kβ h
ij∇αhij)
+gαβ[−∂i(V iαV kβ )−
1
2
V iαV
k
β h
jl∂ihjl] (3.19)
Having listed the different contributions to L (and L˜) we are now in a position to
perform the reduction of the string effective action Γ (and Γ˜). In comparing L and L˜, we
notice that a contribution involving a given number of factors of gµν in L must be equal
to the contribution from L˜ involving the same number of factors of g˜µν . This is due to
gµν = g˜µν under Poisson-Lie T-duality. Moreover, when closely examining the relations
(2.21, 2.25, 2.26) we realize that the Poisson-Lie duality transformations when acting on
a term involving n factors of V iµ and m factors of B
′
µi yield a sum of terms involving n
′
factors of V iµ and m
′ factors of B′µi such that n+m = n
′ +m′. These two facts enable us
to separate the Lagrangian L into different parts, each with a given number of factors of
gµν and a given order n+m in the gauge fields V iµ and B
′
µi. Each part, in this separation
process must be invariant under Poisson-Lie T-duality, independently of the other parts.
This decomposition of L is carried out explicitly in the appendix.
Here is an illustrative example concerning the dilatonic contribution to L. Recall that
there is a Poisson-Lie T-duality invariant component in the dilaton, namely ψ0(x) = ψ˜0(x).
Therefore, equations (2.33,2.35) imply that ∂µψ = ∂µψ˜. Hence, the sum of terms involving
∂µψ in L must be equal to the contribution in L˜ involving ∂µψ˜. In L, this sum is given
by
2Gµν∂µ∂νψ −Gµν∂µψ∂νψ + 4Gµi∂i∂µψ − 2GMNΓλMN∂λψ − 2Gµi∂µψ∂iψ − 2GµM∂µψ∂Mθ
(3.20)
A similar expression, which is obvious to write down, holds for L˜. When comparing the
two expressions, the first two terms are invariant under Poisson-Lie duality due to the
invariance of Gµν = gµν and ∂µψ. As ψ(x, y) = ψ0(x)− ln det e(y), the third term identi-
cally vanishes in L and L˜. Using the Kaluza-Klein decompositions, the three remaining
terms give
− 2∂µψ{gλσΓµλσ(g) + gµλ[∂iV iλ − V iλ∂iψ]} . (3.21)
The first term of this last expression is invariant due to the invariance of gµν . Furthermore,
we have
V kµ = [tµaΠ
ab − u′bµ](e−1)kb . (3.22)
This last equation together with (2.33) yield
∂iV
i
λ − V iλ∂iψ = f bbc(b(g)catλa − u′cλ)− f˜ bcb a(g) ac tλa , (3.23)
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where we have used
∂iΠ
ab = eci [f
a
cdΠ
bd − f bcdΠad + f˜abc ] ,
fabcΠ
bc = f˜ bab − f˜ bcb a(g) ac + f bbcb(g)ca . (3.24)
These relations can be found from the definition (2.5) of Πab and by using the properties
(2.4) of the bilinear product <,> as shown in the appendix of [20]. It is clear that similar
relations hold for the dual Lie algebra G˜.
To summarize, the comparison of the expression (3.20) and its corresponding counter-
part comming from L˜ amounts to comparing (3.23) to its dual
∂iV˜λi − V˜λi∂iψ˜ = f˜ bcb (b˜(g˜)cat˜aλ − u˜′λc)− f bbca˜(g˜)cat˜aλ , (3.25)
Using the Poisson-Lie duality relations, this last expression transforms into
∂iV˜λi − V˜λi∂iψ˜ = f˜ bcb (tλc − b˜(g˜)cau′aλ) + f bbca˜(g˜)cau′aλ , (3.26)
The two expression (3.23) and (3.26) can be made equal if we impose that faab = 0
and f˜aba = 0. This ensures the vanishing of these “anomalous” terms in L and L˜ and
guaranties, therefore, the invariance under Poisson-Lie duality of the dilatonic part that we
are examining. This simple criterion, as shown in appendix B, will be sufficent to eliminate
all the other anomalous terms comming from L and L˜. Moreover, this is consistent with
the results of [8], obtained by means of path integral considerations. This is also in
agreement with the non-Abelian T-duality case [9].
The comparison of the other parts of L and L˜ is treated in the appendix. The general
steps in dealing with each part can be descrided as follows: First, we search for cancel-
lations between the terms in R(G) and the dilatonic contribution. Then, we eliminate
the derivatives of the vielbeins and the Π matrices using, respectively, the relations (2.15)
and (3.24). Secondly, we eliminate as often as possible, the contributions involving Π
matrices. This is carried out by means of the relation [20]
Ωabc + c.p. = 0 , (3.27)
where
Ωabc = f˜abd Π
cd − f cedΠeaΠdb . (3.28)
Finally, the remaining terms are gathered in groups of expressions wich are invariant under
Poisson-Lie T-duality transformations. Two crucial points must be mentioned here: The
invariant terms are only functions of the xµ coordinates. while the dependence on yi
is esclusively contained in the anomalous terms (the terms not invariant under Poisson-
Lie duality). The latter vanish if we require that the structure constants of the two Lie
algebras be traceless. Hence, after dropping the volume factors
∫
dny det e and
∫
dny det e˜,
we obtain the same expression for the original and dual string effective actions.
4 Weyl Anomaly Coefficients
Having established the invariance of the string effective action under Poisson-Lie duality
transformations, we turn our attention now to the Weyl anomaly coefficients. At the
one loop level and in the cases of Abelian [13] and non-Abelian [9] dualities, it has been
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shown that the following functional relation exists between the one loop Weyl anomaly
coefficients of the original and dual sigma models:
β¯(ω˜) =
∑
ω
δω˜
δω
β¯(ω) , (4.1)
where ω designates the original backgrounds (GMN , BMN , ϕ) and ω˜ stands for the dual
backgrounds (G˜MN , B˜MN , ϕ˜). In the case of Poisson-Lie duality , however, the equivalent
of the above relation is not yet known. Our aim here is to show that the previous relation
holds for any non-linear sigma model admitting Poisson-Lie duality.
The results of the previous section can be recast as follows
L˜[G˜, B˜, ϕ˜] = χL[G,B, ϕ] where L =
√
Ge−ϕL , L˜ =
√
G˜e−ϕ˜L˜ , χ =
det e˜
det e
. (4.2)
The Weyl anomaly coefficients are related to the string effective action Γ =
∫
ddxdnyL by
β¯(ω) =
∑
ω′
Mωω′
δΓ
δω′
(4.3)
where the matrix M takes the form
Mωω′ = − 1√
Ge−ϕ


1
2
(GMPGNQ +GMQGNP ) 0
1
2
GPQ
0 1
2
(GMPGNQ −GMQGNP ) 0
1
2
GMN 0
1
8
(D − 2)

 .
(4.4)
Note that M is an invertible matrix. Of course the same relations hold for the dual
background ω˜ and we have
β¯(ω˜) =
∑
ω˜′
Mω˜ω˜′
δΓ˜
δω˜′
. (4.5)
Using the first equality of (4.2) together with the chain rule we get
β¯(ω˜) = χ
∑
ω′
∑
ω˜′
Mω˜ω˜′
δω′
δω˜′
δΓ
δω′
. (4.6)
A crucial point in the following derivations is the invertibility of the matrix δω
′
δω˜′
, namely
that the matrix δω˜
′
δω′
exists. By explicitly calculating δω˜
′
δω′
, along the lines of [9] in the case of
non-Abelian duality, we have checked that this is indeed the case. Using (4.3) into (4.1)
yields
β¯(ω˜) =
∑
ω
∑
ω′
δω˜
δω
Mωω′
δΓ
δω′
(4.7)
Comparing this last expression with (4.6) we obtain
χMω˜ω˜′ =
∑
ω
∑
ω′
δω˜
δω
Mωω′
δω˜′
δω′
(4.8)
Therefore, showing that the Weyl anomaly coefficients are related by β¯(ω˜) =
∑
ω
δω˜
δω
β¯(ω)
amounts to showing that equation (4.8) holds.
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An explicit computation as in ref.[9] leads to the following relations
Mλλ′ = det e
∑
ω
∑
ω′
δλ
δω
Mωω′
δλ′
δω′
, (4.9)
where λ denotes the background ((G0)MN , (B0)MN , ϕ0). Similarly, we have
Mλ˜λ˜′ =
∑
λ
∑
λ′
δλ˜
δλ
Mλλ′
δλ˜′
δλ′
. (4.10)
where λ˜ denotes the backgrounds ((G˜0)MN , (B˜0)MN , ϕ˜0). Substituting, in this last equa-
tion, Mλλ′ as in (4.9) and using the chain rule, we obtain
Mλ˜λ˜′ = det e
∑
ω
∑
ω′
δλ˜
δω
Mωω′
δλ˜′
δω′
. (4.11)
Furthermore, explicit computations lead to
det e˜ Mω˜ω˜′ =
∑
λ˜
∑
λ˜′
δω˜
δλ˜
Mλ˜λ˜′
δω˜′
δλ˜′
, (4.12)
Plugging equation (4.11) into this last expression and using chain rules, we obtain (4.8).
This concludes the proof regarding the proportionality between the Weyl anomaly coeffi-
cients of the original sigma model and those of its Poisson-Lie dual.
5 Examples
In this section, we illustrate our analysis by two explicit examples. The first one concerns
the original non-linear sigma model as given by the action
S =
∫
d2σ{f(t)∂t∂¯t+ Eab(t, g)(g−1∂g)a(g−1∂¯g)b − 1
4
R(2)ϕ(t)} (5.1)
where g is a group element corresponding to a three dimensional Lie algebra. This is
taken to be of type Bianchi II.
The dual Lie algebra can be also chosen to be of type Bianchi II, as shown in [25].
The dual sigma model is of the same form as above and is described by
S˜ =
∫
d2σ{f(t)∂t∂¯t+ E˜ab(t, g˜)(g˜−1∂g˜)a(g˜−1∂¯g˜)b − 1
4
R(2)ϕ˜(t)} . (5.2)
The non-vanishing commutation relations for the Lie algebras of the double are given by
[T2, T3] = T1 , [T˜
1, T˜ 2] = T˜ 3 , (5.3)
[T2, T˜
1] = −T˜ 3 , [T3, T˜ 2] = −T1 , [T3, T˜ 1] = T2 + T˜ 2 . (5.4)
Choosing a parametrization such that g = exT1eyT2ezT3 for the elements of the first group
and g˜ = exT˜
1
eyT˜
2
ezT˜
3
for the elements of the second group leads to the following matrices
for Π and Π˜
Πab =

 0 −z 0z 0 0
0 0 0

 , Π˜ab =

 0 0 00 0 −x
0 x 0

 . (5.5)
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Similarly, the corresponding vielbeins are given by
ea i =


1 z 0
0 1 0
0 0 1

 , e˜ ia =


1 0 0
0 1 0
y 0 1

 . (5.6)
For simplicity, we choose Qab = h(t)δab. This allows us to calculate the matrices Eab =
(Q+Π)−1 and E˜ab = (Q˜+ Π˜)−1.
The original backgrounds and their duals are then computed using the relations of
section 2. The metric in the original theory is found to be
GMN =
(
f(t) 0
0 Gij
)
, (5.7)
where
Gij =
1
h∆


h2 zh2 0
zh2 (z2 + 1)h2 0
0 0 ∆

 , (5.8)
Similarly, the antisymmetric tensor in the original sigma model is
BMN =
z
∆


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 , (5.9)
with ∆ = h2 + z2. Notice that bµν is equal to zero in this example. Finally, the original
dilaton is
ϕ = ψ0(t) +
1
2
ln(h/∆2) . (5.10)
On the other hand, the metric in the dual sigma model is given by
G˜MN =
(
f(t) 0
0 G˜ij
)
, (5.11)
where
G˜ij =
h
∆˜

 ∆˜ + y
2 0 y
0 1 0
y 0 1

 , (5.12)
with ∆˜ = 1 + x2h2. The dual antisymmetric tensor is
B˜MN =
xh2
∆˜


0 0 0 0
0 0 −y 0
0 y 0 1
0 0 −1 0

 . (5.13)
The dual dilaton is written as
ϕ˜ = ψ0(t) +
1
2
ln(h3/∆˜2) . (5.14)
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We come now to the string effective actions corresponding to these two sigma models.
Notice that in this example the determinants of the vielbeins are both equal to one. This
implies an equality between the integration factors
√
Ge−ϕ and
√
G˜e−ϕ˜. They are both
equal to
√
f(t)e−ψ0(t). Finally, the two Lagrangians L[G,B, ϕ] and L˜[G˜, B˜, ϕ˜], yield the
same expression
L = L˜ = −1
2

h+ 1
h
+
3
2
f−1
(
h˙
h
)2
+ f−1(2ψ˙20 − 4ψ¨0)

 . (5.15)
Here, a dot stands for differentiation with respect to t.
One realizes that this expression is invariant under the transformation h→ 1/h with
f and ψ0 kept unchanged. The expressions for the two Lagrangians do not depend on the
yi coordinates as expected from the general conclusions of section 3. Furthermore, there
are no anomalous parts as the structure constants of Bianchi II Lie algebras are traceless
faab = f˜
ab
a = 0. It is worth mentioning that we have carried out similar calculations based
on this double but with more complicated choices for the tensor Qab. In each case, the
conclusions reached in section 3 were confirmed.
The second example is chosen to illustrate how the presence of “anomalous” terms,
resulting from the non-vanishing traces of the structure constants, breaks the proportion-
ality between the original and dual string effective actions. For this purpose, we take the
two sigma models, the original and its dual, to have the same form as in the first example
(5.1,5.2). The only difference is that now the two Lie algebras of the double are Borel
type of dimension two. A representation of this double (second paper of [7]) is
T1 =
(
1 0
0 0
)
, T2 =
(
0 1
0 0
)
, T˜ 1 =
(
0 0
0 1
)
, T˜ 2 =
(
0 0
−1 0
)
. (5.16)
The group elements are parametrized by g = exT1eyT2 and g˜ = exT˜
1
eyT˜
2
. The matrices Π
and Π˜ are as follows
Πab =
(
0 y
−y 0
)
, Π˜ab =
(
0 y
−y 0
)
, (5.17)
and the vielbeins are
ea i =
(
1 0
y 1
)
, e˜ ia =
(
1 0
y 1
)
. (5.18)
We choose also Qab = h(t)δab. The original backgrounds are listed below
GMN =
(
f(t) 0
0 Gij
)
, (5.19)
where
Gij =
h
∆′
(
1 + y2 y
y 1
)
, (5.20)
and
BMN =
y
∆′

 0 0 00 0 −1
0 1 0

 ,
ϕ = ψ0(t) + ln(h/∆
′) , (5.21)
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where ∆′ = h(t)2+y2. The dual backgrounds are obtained from these by simply replacing
h by 1/h. This is due to the equality between the matrices Π and Π˜ and the vielbeins
e and e˜. As in the first example, the determinants of the vielbeins are equal to one.
Hence, the integration factors in the two string effective actions are such that
√
Ge−ϕ =√
G˜e−ϕ˜ =
√
fe−ψ0 . The string effective Lagrangian corresponding to the original sigma
model is found to be
L = −

2(h+ 1
h
) +
1
2
f−1
(
h˙
h
)2
+ f−1(ψ˙20 − 2ψ¨0) +
8y2
h

 . (5.22)
The dual string effective Lagrangian L˜ is found by replacing h by 1/h in this last expres-
sion. The last term, −8y2/h, is not invariant under this transformation and therefore
the two Lagrangians L and L˜ are not equal. This anomaly is due to the non-vanishing
traces of the structure constants of the Borel double. In fact, this anomalous term can be
recovered from the sum
(S−10 )ad[−fabcΠbcf defΠef + 2fabcΠbcf˜ ede + 2f ebcΠbcfaefΠfd − 2f eebf˜ bac Πcd − 2f˜ bee facbΠcd] . (5.23)
It can be shown, using (3.24), that this combination involves either faab or f˜
ab
a which do
not vanish for the Borel double.
6 Conclusion
In this paper, we have analyzed the quantum equivalence of sigma models related by
Poisson-Lie T-duality transformations. Our results are obtained at the level of the one
loop string effective action. An appropriate reparametrization a` la Kaluza-Klein of the
various string backgrounds has been used to give a simpler form to the Poisson-Lie duality
transformations. As a consequence, it has been possible to cast the Lagrangian of the
string effective action into independently Poisson-Lie duality invariant parts. On the other
hand, the non-invariant terms have been shown to vanish if we impose the conditions faab =
0 and f˜aba = 0 on the structure constants of the two Lie algebras of the Drinfeld double.
These conditions are the same as those suggested in [8] in a path integral derivation
of Poisson-Lie duality. Furthermore, we deduce a functional relation between the Weyl
anomaly coefficients corresponding to two non-linear sigma model related by Poisson-
Lie duality. In particular, a conformally invariant sigma model leads, under Poisson-Lie
duality, to a dual theory with the same property.
When dealing with the anomalous terms resulting from the reduction of the string
effective action one wonders whether the sufficient conditions that we have imposed (the
vanishing of the traces of structure constant) are also necessary conditions. This is all
the more a natural question since in [14] two sigma models related by Poisson-Lie duality
have been shown to possess the same one loop beta functions. The equivalence holds in
spite of a non-vanishing trace for one of the structure constants corresponding to one of
the two Lie algebras forming the Drinfeld double. This is clearly in contradiction with our
conclusions. The authors of ref.[14] use, however, a dilaton transformation which differs
from ours. Their analysis is carried out in a strict field theory sense, regardless of the
relationship between sigma models and string theory effective actions. The dilaton shift
is precisely related to the diffeomorphism transformation that allowed them to conclude
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the equivalence of the two beta functions. The results of [14] can be interpreted in two
different ways: Either it is a coincidence, due to the particularity of their model, that
led to the possibility of absorbing the anomalous terms into their dilaton shift (which is
the same as a diffeomorphism transformation), or this is symptomatic of a more general
phenomenon. The problem of Poisson-Lie duality when some of the structure constants
have non-vanishing traces, obviously, requires further investigation. For instance, it would
be desirable to compute more physical quantities like the free energy in order to check the
real equivalence, under Poisson-Lie duality, of two non-linear sigma models. Finally, we
strongly believe that the dilaton transformation, given in here in the context of string the-
ory, is the correct one. These are the only transformations which lead to a proportionality
between the integration weights
√
Ge−ϕ and
√
G˜e−ϕ˜. This is an essential requirement in
demanding the invariance under Poisson-Lie duality of the string effective action. The
dilaton transformation under any T-duality is, nevertheless, a complex issue as shown in
[26].
Another interesting question is the investigation of the invariance of the string effec-
tive action under a much larger group of dualities, where Poisson-Lie duality might be
just a special case. In other words, one would like to find the equivalent of the O(d, d)
transformation group present in the case of string backgrounds having Abelian symme-
tries [15, 27]. This is suggested by our observation that the transformations of some
intermediate backgrounds, introduced in order to simplify Poisson-Lie T-duality trans-
formations, are precisely of the form of Abelian T-duality. Due to the complexity of the
general expression of the string effective Lagrangian L, however, we are not able to make
this possible hidden symmetry manifest.
A natural extension of our work would be to push the analysis beyond the leading
order in loop expansion, as has been done for Abelian duality [16, 19]. The resemblence
of Poisson-Lie duality and Abelian duality, as mentioned above, makes us think that a
similar treatment along the lines of [16, 19] is possible. It is worth mentioning that there
are two ways of dealing with duality transformations in general: The first consists in
correcting the duality transformations order by order in the string perturbation parameter
α′ [16, 19]. In the second approach, however, one keeps the duality transformations as
given by the one loop order and deforms, instead, the non-linear sigma model [28]. The
equivalence of these two methods needs a closer examination.
Finally, our results could be of interest in cosmology models based on the string
effective action. This is in the spirit of the ideas presented in [29]. The so-called pre-big-
bang scenario takes, as a starting point, a string effective action where the backgrounds
possess Abelian isometries. However, many of the interesting models in cosmology are
based on metrics invariant under the action of non-Abelian isometries. The contruction of
their duals under Poisson-Lie duality is therefore possible. This is one of the motivations
of a recent work [25] where all the Drinfeld doubles based on Bianchi type Lie algebras
are classified. We should mention that string cosmology requires the introduction of a
Lagrangian for matter fields, which must be invariant under duality transformations. It
has been shown in [30] that this is indeed possible if one chooses fundamental strings as
gravitational sources. The role of Poisson-Lie duality in string cosmological is currently
under investigation.
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A Useful Identities
Before dealing with the string effective Lagrangian L, we would like to list some of the
relations that are essential in obtaining the reduced string effective action. First, we find it
useful to introduce, in addition to the notations of the main text, the following definitions
tµνa = ∂µtνa − ∂νtµa , (A.1)
u′
a
µν = ∂µu
′a
ν − ∂νu′aµ , (A.2)
u(1)
b
µν = u
′b
µν + tµνa(v0)
ab , (A.3)
h′
c
µν = u
′a
µu
′b
νf
c
ab + (tµau
′b
ν − tνau′bµ)f˜acb , (A.4)
F ′µνd = tµatνbf˜
ab
d − (tµau′bν − tνau′bµ)fabd , (A.5)
h′′
c
µν = h
′c
µν − F ′µνd(v0)dc , (A.6)
αµνa = tµνa − F ′µνa , (A.7)
γ′
a
µν = u
′a
µν + h
′a
µν . (A.8)
The relations that we have employed are
(e−1)
m
a ∂m(e
−1)
i
b − (e−1)
m
b ∂m(e
−1)
i
a = f
c
ab(e
−1)
i
c , (A.9)
V kµ (x, y) = [tµa(x)Π
ab(y)− u′bµ(x)](e−1)kb (y) , (A.10)
V kµν(x, y) = [tµνa(x)Π
ab(y)− u′bµν(x)](e−1)kb (y) , (A.11)
B′µk(x, y) = −tµa(x)eak(y) , (A.12)
B′µνk(x, y) = −tµνa(x)eak(y) , (A.13)
B′iµj(x, y) = tµaf
a
bce
b
ie
c
j (A.14)
= [tµνa(A0)
ab − u(1)bµν ](e−1)kb (y) , (A.15)
F iµν = [F
′
µνd(A0)
dc + h′′
c
µν ](e
−1)
k
b (y) , (A.16)
h
(1)
µνi = −[tµνa(S0)abSbc +−u(1)
a
µνAac]e
c
i , (A.17)
h
(2)
µνi = [F
′
µνa(S0)
abSbc − h′′aµνAac]eci . (A.18)
B Reduction of the String Lagrangian
In this appendix, we will collect the terms in the original string effective Lagrangian
L = R− 1
12
H2+2∇2ϕ− (∇ϕ)2. These are grouped according to the number of factors of
gµν . This separation is vital as gµν is invariant under Poisson-Lie T-duality (gµν = g˜µν).
Therefore, each of these terms must be independently invariant. The expression of the
dual string Lagrangian L˜ is obtained from L by changing tilded quantities into untilded
ones and vice versa. The Poisson-Lie duality transformations (2.26) are then used to show
the equality between a given term in L, involving a given number of factors of gµν , and
its counterpart in L˜.
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B.1 Order zero in gµν
The terms without any factors of gµν give
−hij∂iψ∂jψ + 2∂i(hij∂jψ)− ∂i∂jhij + 1
2
hkmhilhjn(∂khij∂lhmn − ∂kbij∂lbmn)
−1
4
hklhimhjn(∂khij∂lhmn + ∂kbij∂lbmn) . (B.1)
After substituting for hij , bij and ψ together with the use of equations (3.27) to handle
some of the terms involving Π, we find two main expressions. The first, invariant under
Poisson-Lie T-duality, is given by
−{f cadf˜ jki (S˜−10 )
di
(S−10 )ckv0
ab(S−10 )bj}
+
1
2
{f iajfkcl(S˜−10 )
jl
v0
ab(S−10 )bkv0
cd(S−10 )di + f˜
aj
i f˜
cl
k (S
−1
0 )jl(v˜0)ab(S˜
−1
0 )
bk
(v˜0)cd(S˜
−1
0 )
di}
−1
4
{f˜ cda f˜ ijb (S˜−10 )
ab
(S−10 )ci(S
−1
0 )dj + f
m
akf
n
ci(S
−1
0 )mn(S˜
−1
0 )
ac
(S˜−10 )
ik}
−{faabf ccd(S˜−10 )
bd
+ f˜aba f˜
cd
c (S
−1
0 )bd} −
1
2
{fabcf bad(S˜−10 )
cd
+ f˜ bca f˜
ad
b (S
−1
0 )cd}
+
1
2
{fkcif˜ lma v0ab(S−10 )bkv0cd(S−10 )dlv0ij(S−10 )jm}
+
3
2
{f dmnf˜mnc v0ci(S−10 )id} − 2{fmmcf˜ndn v0ci(S−10 )id} − {fmncf˜ndm v0ci(S−10 )id} . (B.2)
In this expression (and in the rest of this appendix), each contribution between curly
brackets is equal to its dual counterpart. The second expression is an anomalous part
(not invariant under Poisson-Lie duality) and can be cast in the form
[2fabcf
b
diΠ
div0
cj(S−10 )ja + 2f
b
bcf
a
diΠ
div0
cj(S−10 )ja + f
a
abf
b
cdΠ
div0
cj(S−10 )ij]
+(S−10 )mn[−fmbdΠbdfnijΠij + 2fmbdΠbdf˜ cnc + 2f bdiΠdifmbcΠcn − 2f ddbf˜ bmc Πcn
−2f˜ dbd fmcbΠcn] . (B.3)
It is clear that this contribution vanishes if we impose faab = f˜
ab
a = 0.
B.2 Order one in gµν
There are three independently invariant contributions at this order in gµν . The first one
does not involve the gauge fields V iµ and B
′
µi. The second contains one gauge field (either
V iµ or B
′
µi). The third depends on a combination of two gauge fields.
B.2.1 order zero in gauge fields
This order is equal to
− 1
4
gµνhimhjn(∂µhij∂νhmn + ∂µbij∂νbmn) (B.4)
The following relations are needed for the reduction of this term
∂Sab = −∂(S0)cd[SacSdb + AacAdb]− ∂(A0)cd[SacAdb + AacSdb] (B.5)
∂Aab = −∂(A0)cd[SacSdb + AacAdb]− ∂(S0)cd[SacAdb + AacSdb] (B.6)
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where ∂ stands for either ∂µ or ∂i. This is a consequence of (S + A) = (S0 + A0)
−1
combined with the properties
A0(x, y) = v0(x) + Π(y) ⇒ ∂µA0 = ∂µv0 (B.7)
After substituting for hij and bij , this zeroth order yields
− 1
4
gµν(S−10 )ac(S
−1
0 )bd[∂µ(S0)
ab∂ν(S0)
cd + ∂µ(v0)
ab∂ν(v0)
cd] . (B.8)
We deduce that the equivalent expression coming from the dual Lagrangian is
− 1
4
gµν(S˜−10 )
ac
(S˜−10 )
bd
[∂µ(S˜0)ab∂ν(S˜0)cd + ∂µ(v˜0)ab∂ν(v˜0)cd] . (B.9)
It can be shown that equations (B.8) and (B.9) are identical upon using
∂(S0)
ab = −∂(S˜0)cd[(S0)ac(S0)db + (v0)ac(v0)db]
−∂(v˜0)cd[(S0)ac(v0)db + (v0)ac(S0)db] ,
∂(v0)
ab = −∂(v˜0)cd[(S0)ac(S0)db + (v0)ac(v0)db]
−∂(S˜0)cd[(S0)ac(v0)db + (v0)ac(S0)db] . (B.10)
These are obtained from (S0 + v0) = (S˜0 + v˜0)
−1.
B.2.2 order one in gauge fields
We find two expressions at this order. The first is
2gµν∇µ[∂iV iν − V iν∂iψ] = 2gµν∇µ[f bbc(b(g)catνa − u′cν)− f˜ bcb a(g) ac tνa] . (B.11)
This is an anomalous contribution which vanishes when faab = f˜
ab
a = 0. The remaining
contribution to this order is found to be
gµν [
1
2
himhjn(∂νhijV
k
µ ∂khmn + ∂µbijV
k
ν ∂kbmn) + h
ik∂µhkj∂iV
j
ν
+himhjn∂µbij(∂mB
′
νn + ∂mV
k
ν bkn)] (B.12)
In the reduction of this last expression, the terms proportional to Π and Π2 have been
eliminated through the use of Ωabc + c.p. = 0. The final expression reduces to
gµν
{1
2
u′
e
µf˜
ad
e (S
−1
0 )ab∂ν(v0)
bc(S−10 )cd
−1
2
tµaf
a
cb[−2∂νS0cd(S−10 )dev0eb + ∂νv0cb + v0cd(S−10 )de∂νv0ef(S−10 )fgv0gb]
}
+gµν
{
− tµaf˜abc [∂νS0cd(S−10 )db − v0cd(S−10 )de∂νv0ef(S−10 )fb]
+u′
e
µf
a
ef [(S
−1
0 )ab∂νv0
bc(S−10 )cdv0
df − (S−10 )ab∂νS0bf ]
}
(B.13)
Here again each expression between curly brackets is equal to its dual counterpart.
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B.2.3 order two in gauge fields
At this order, the first contribution is an anomalous one and is given by
− 2gµν∂i[V iµ(∂jV jν − V jν ∂jψ)] + gµν(∂iV iµ + V iµ∂iψ)(∂jV jν − V jν ∂jψ) . (B.14)
Both of these terms contain ∂jV
j
ν −V jν ∂jψ which has been already encountered. This part
vanishes when faab = f˜
ab
a = 0. The second contribution is the invariant part coming from
− 1
4
gµνhimhjn[FµijFνmn + h
(1)
µijh
(1)
νmn] (B.15)
where we have introduced the quantities
Fµij = V
k
µ ∂khij + ∂iV
k
µ hkj + ∂jV
k
µ hki ,
h
(1)
µij = V
k
µ ∂kbij + [∂iB
′
µj + (∂iV
k
µ )bkj − (i↔ j)] . (B.16)
It can then be shown that the sum of these terms is equal to the following
−1
4
gµν
[
{u′nµf˜abn u′iν f˜ cdi (S−10 )ac(S−10 )bd + tµef eabtνff fcd(S˜−10 )
ac
(S˜−10 )
bd}
+2{λaµmλcνi(S˜−10 )
mi
(S−10 )ac}+ 2{λaµmλdνi(S−10 )dbv0bm(S−10 )acv0ci}
−2{u′iµf˜ jki tνnfnab(S−10 )kdv0db(S−10 )jcv0ca}
+4{tµpf pmnλcνi(S˜−10 )
in
(S−10 )cdv0
dm − u′pµf˜abp λcνi(S−10 )ac(S−10 )bdv0di}
+2{u′cµu′dνf bacfabd + tµctνdf˜ cba f˜ dab }+ 2{tµdu′cν f˜abc f dab}+ 4{tµdu′cν f˜adb f bac}
]
(B.17)
In this last expression λaµc = tµbf˜
ba
c +u
′b
µf
a
bc, and has the following property under Poisson-
Lie duality: λ˜aµc = −λaµc. We have checked that each quantity between curly brackets is
invariant.
B.3 Order two in gµν
Here we can treat at the same time orders two, three and four in the gauge fields. The
contribution to L, at this order, is
−1
4
gµρgνλ
[
hij(V
i
µν − F iµν)(V jρλ − F jρλ) + hij(h(1)µνi + h(2)µνi)(h(1)ρλj + h(2)ρλj)
]
. (B.18)
Using the relations in appendix A, one can show that this contribution reduces to
−1
4
gµρgνλ
[
{αµνaαρλb[(S0)ab − (A0)ac(S−10 )cd(A0)db] + γ′aµνγ′bρλ(S−10 )ab}
+{αµνa(v0)ab(S−10 )bcγ′cρλ − γ′aµν(S−10 )ab(v0)bcαρλc}
]
. (B.19)
Each expression between curly brackets is invariant under Poisson-Lie duality. This is
demonstrated using the duality transformations
α˜ = −γ′ , γ˜′ = −α ,
S0 − A0S−10 A0 = S˜−10 , v0S−10 = −S˜−10 v˜0 . (B.20)
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B.4 Order three in gµν: invariance of hµνρ
This contribution comes from the term hµνρh
µνρ in the expression ofHMNPH
MNP in (3.8).
We will show here that hµνρ = h˜µνρ. Recall that
hµνρ = (∂ρbµν)+(−V kρ ∂kbµν)+
1
2
(V kµρB
′
νk+B
′
µρkV
k
ν )+
1
2
(F kρµB
′
νk+V
k
ρ V
l
µB
′
lνk)+c.p. (B.21)
Under Poisson-Lie duality bµν = b˜µν . Moreover, both bµν and b˜µν are independent of the
coordinates yi. Therefore, the first term is invariant and the second vanishes. The third
term which, upon using using the relations in appendix A, gives
1
2
(V kµρB
′
νk +B
′
µρkV
k
ν ) + c.p. =
1
2
(tµρau
′a
ν + u
′a
µρtνa) + c.p. (B.22)
The duality transformations tµa = −u˜′µa and u′aµ = −t˜aµ clearly show that this combination
is invariant. Finally, the fourth term reduces to
1
2
(F kρµB
′
νk + V
k
ρ V
l
µB
′
lνk) + c.p. =
[
{(−u′aµu′bνtρcf cab + tµatνbu′cρf˜abc }
−tµatνbtρcΩabc
]
+ c.p. (B.23)
The first two terms are invariant under Poisson-Lie duality while the third one vanishes
due to Ωabc + Ωbca + Ωcab = 0.
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